
PHYSICAL REVIEW D, VOLUME 65, 104013
Back reaction and the effective Einstein equation for the universe
with ideal fluid cosmological perturbations

Yasusada Nambu*
Department of Physics, Graduate School of Science, Nagoya University, Chikusa, Nagoya 464-8602, Japan

~Received 1 February 2002; published 30 April 2002!

We investigate the back reaction of cosmological perturbations on the evolution of the Universe using the
renormalization group method. Starting from the second order perturbed Einstein equation, we renormalize a
scale factor of the Universe and derive the evolution equation for the effective scale factor which includes back
reaction due to inhomogeneities of the Universe. The resulting equation has the same form as the standard
Friedmann-Robertson-Walker equation with the effective energy density and pressure which represent the back
reaction effect.
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I. INTRODUCTION

Owing to the nonlinear nature of Einstein’s equation, flu
tuations of the metric affect the evolution of the backgrou
space-time. In cosmology, this effect is expected to be
portant when we consider the evolution of large scale n
linear structures and the evolution of the early Universe. T
is the cosmological back reaction problem and has been s
ied by several authors@1–11#.

One of the main difficulties in the cosmological back r
action problem is connected with the gauge freedom of p
turbation variables. The back reaction effect appears from
second order quantities in a perturbation expansion and
must use the second order gauge invariant quantities to a
the gauge ambiguity of the back reaction problem. Abra
and co-workers@6–9# derived the gauge-invariant effectiv
energy momentum tensor of cosmological perturbations
applied their formalism to the inflationary universe. Th
discussed the effect of the inhomogeneity on the backgro
Friedmann-Robertson-Walker~FRW! universe, but did not
derive solutions of an effective scale factor for the FR
universe with the back reaction.

In our previous papers@10,11#, the renormalization group
method@12–15# was applied to the cosmological back rea
tion problem. We start from the following perturbation e
pansion of the metric:

gab5 g
~0!

ab1 g
~1!

ab1 g
~2!

ab1•••, ~1!

where
(0)

gab is the background FRW metric and represent

homogeneous and isotropic space.
(1)

gab is the metric of the

first order linear perturbation witĥ
(1)

gab&50 where ^•••&

means the spatial average with respect to the backgro
FRW metric.

(2)

gab is the second order metric and this pa

contains nonlinear effects caused by the first order lin
perturbation. This nonlinearity produces homogeneous
isotropic zero modes as part of the second order metric. T
is,
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^ g
~2!

ab&Þ0. ~2!

As the zero mode part of the metric has the same symm
as the background FRW universe, it must be interpreted
part of the FRW metric. Hence we redefine the backgrou
metric as follows:

g
~B!

ab5 g
~0!

ab1^ g
~2!

ab&. ~3!

We used the renormalization group method to define the n

background metric
(B)

gab which includes the back reaction e
fect. In previous papers@10,11#, we first solved perturbation

equations and obtained
(1)

gab and
(2)

gab . Then the renormalized
effective scale factor with the back reaction effect was o
tained.

But it is more convenient to obtain the renormalized E
stein equation for the zero mode variables from the first
investigate the back reaction effect. This is equivalent to
eraging Einstein equation and deriving the evolution eq
tion for the effective FRW universe with the back reacti
effect. In this paper, we apply the renormalization gro
method directly to the perturbed Einstein equation. We
not use an explicit form of the first and the second ord
solutions of perturbations. All that we need is how consta
of integration enter in the solution of perturbations.

The plan of this paper is as follows. In Sec. II, we intr
duce the gauge ready formalism of cosmological pertur
tions and derive the second order Einstein equation for ga
invariant variables. In Sec. III, the renormalization gro
method is applied to the zero mode part of the Einstein eq
tion and the evolution equation for the renormalized sc
factor is derived. In Sec. IV, we investigate the solution
the back reaction equation. Section V is devoted to summ
and discussion. We use units in whichc5\58pG51
throughout the paper.

II. THE SECOND ORDER PERTURBATION FOR THE
UNIVERSE WITH IDEAL FLUID

To circumvent the gauge ambiguity of cosmological p
turbations and to obtain a gauge independent interpreta
©2002 The American Physical Society13-1
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of the cosmological back reaction problem, we must us
gauge invariant description of cosmological perturbatio
@16,17#. Abramo and co-workers obtained the gauge inva
ant effective energy-momentum tensor for cosmological p
turbations@6–9# which is quadratic with respect to the fir
order variables. To apply the renormalization group meth
to the back reaction problem, we must obtain the sec
order zero mode perturbation in a gauge invariant man
@10,11#. In this section, we introduce the gauge ready form
ism @18# and derive the evolution equation for the seco
order zero mode perturbation which is invariant under
first order gauge transformation.

A. The gauge ready form of cosmological perturbations

We consider a spatially flat FRW universe with perfe
fluid of which an equation of state is given byp5w r, where
w is assumed to be constant. The background scale fact
the Universe and the energy density are given by

a~ t !5C t2/3(11w), r
~0!

5
c0

a3(11w)
, ~4!

whereC andc0 are constants of integration. The energy de

sity of the fluid
(0)

r is obtained from the zeroth order of th
following mass conservation equation

~r1/(11w)A2g ua! ,a50, ~5!

where ua is the four velocity of the fluid. We restrict ou
attention only to the scalar type perturbation and the me
of the first order perturbation can be written as

g
~1!

ab5S 22f a~ t !B,i

a~ t !B,i a2~ t !@~122c!d i j 12E,i j #
D . ~6!

Let us consider the infinitesimal coordinate transformatio

x80 5x01j0, x8 i 5xi1
1

a2
d i j j , j . ~7!

Under this transformation, the perturbation variables rece
the following gauge transformations:

f85f2 j̇0, B85B2aS j

a2D "

1
j0

a
,

c85c1Hj0, E85E2
j

a2
. ~8!

The comoving three velocityv i5v ,i of the fluid transforms
as

v85v1a2S j

a2D "

, ~9!

and the velocity potential defined byx[v1aB transforms
as
10401
a
s
i-
r-

d
d

er
l-

e

t

of

-

ic

e

x85x1j0. ~10!

From these transformations, we can make the follow
gauge invariant combination of perturbation variables:

F[f1@a~B2aĖ!# ", C[c2aH~B2aĖ!,

X[x2a~B2aĖ!, R[c2Hx. ~11!

Now the vector

jC
m[~2x,d i j E, j ! ~12!

transforms as a four vector under the coordinate transfor
tion. The gauge transformation induced by the coordin
transformation using the vector~12! is

f85f1ẋ5F1Ẋ, B85B2aĖ2
x

a
52

X

a
,

E85E2E50, c85c2Hx5R, ~13!

x85x2x50.

Hence in this gauge, each component of the metric co
sponds to the gauge invariant variables and a comov
gauge conditionx50 is satisfied. The choice of the vecto
~12! is not unique. The vector

jL
m5„2a~B2aĖ!,d i j E, j… ~14!

also transforms as a four vector and the gauge transforma
using this vector is

f85f1@a~B2aĖ!# "5F, B850, E850, ~15!

c85c2aH~B2aĖ!5C, x85x2a~B2aĖ!5X.
~16!

This gauge corresponds to the longitudinal gauge and c
ponents of the metric coincide with gauge invariant variab
F andC. This gauge is often used to investigate cosmolo
cal perturbations@17#, and Abramo and co-workers@6–9#
also used this gauge to evaluate the gauge invariant en
momentum tensor of cosmological perturbations. But for
purpose of the back reaction problem, this gauge is not s
able because the contribution of the long wavelength li
mode of the perturbations to the effective energy momen
tensor does not vanish automatically@11#. The perturbation
of which wavelength is infinite cannot be distinguished fro
the background and has nothing to do with the back reac
effect. But in the longitudinal gauge, we have the contrib
tion of the long wavelength limit perturbation to the seco
order quantities. We must subtract this to obtain the corr
back reaction effect. On the other hand, in comoving gau
the second order perturbation becomes zero in the l
wavelength limit. In this paper, therefore, we adopt the gau
ready form in the comoving gauge to investigate the ba
reaction problem.
3-2
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To simplify the calculation, we chooseB50 and the met-
ric up to the second order in the gauge~13! is given by

ds252~112f12f2!dt222a2Ė,idxidt1a2~ t !~122c

22c2!dx2. ~17!

As each component of the first order metric perturbation c
responds to the gauge invariant variable in this gauge,
second order zero mode variablesf2 andc2 determined by
the first order quantities are also invariant under the fi
order gauge transformation up to the second order.

Using the metric~17! with the comoving conditionx50,
the first order Einstein equations are

1

a2
¹2c1H¹2Ė5

1

2
r

~1!

, ~18a!

ċ1Hf50, ~18b!

c̈13Hċ1Hḟ23wH2f5
w

2
r

~1!

, ~18c!

Ë13HĖ1
1

a2
~c2f!50. ~18d!
ste

in
a

10401
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We can obtain the following evolution equation for the sp
tial curvature perturbationc:

c̈13Hċ2
w

a2
¹2c50. ~19!

B. The evolution equations for the second order zero mode
perturbation

The second order Einstein equations for the zero m
variablesf2 andc2 are

6H~ ċ21Hf2!52^ G
~2!

0
0~ g

~1!

!&2 r
~2!

, ~20a!

2@c̈21H~3ċ21ḟ2!23H2wf2#

52
1

3
^ G

~2!
i
i~ g

~1!

!&1w r
~2!

, ~20b!

where
^ G
~2!

0
0~ g

~1!

!&5K 23ċ2112Hcċ2
5

a2
c¹2c26Hc¹2Ė23H2a2Ė¹2Ė22Hf~2¹2Ė16ċ !212H2f2L , ~21!

^ G
~2!

i
j~ g

~1!

!&5K 2
5

a2
c¹2c1ċ214c~c̈13Hċ !22¹2ĖS 3Hc1

2

3
ċ D22c¹2Ë22a2HĖ¹2Ë2~2Ḣ

15H2!a2Ė¹2Ė1
2

3
Ė¹2ḟ22ḟċ24fS c̈13Hċ2

1

2a2
¹2c2

1

3
~¹2Ë12H¹2Ė!12Hḟ D

2
2

3a2
f¹2f24f2~3H212Ḣ !L d i

j . ~22!
on
rse
Equation~20a! is a time-time component and Eq.~20b! is a
space-space component of the spatially averaged Ein
equation^Ga

b&5^Ta
b&. The spatial average is defined by

^A&5
1

VE d3x A,

whereV is the volume of a sufficiently large compact doma
and periodic boundary conditions for perturbations are

sumed. The second order energy density
(2)

r is determined by

the mass conservation~5! and given by
in

s-

r
~2!

5~11w! r
~0!

~3c22f2!13^c r
~1!

&1
w

2~11w!

^ r
~1!

2&

r
~0!

1c2~11w! r
~0!

, ~23!

wherec2 is a constant.

III. THE RENORMALIZATION AND THE EFFECTIVE
EINSTEIN EQUATION

In this section, we derive the effective Einstein equati
which describes the evolution of the effective FRW unive
3-3
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YASUSADA NAMBU PHYSICAL REVIEW D 65 104013
with the back reaction effect using the renormalization gro
method. The spatially averaged Einstein equation up to
second order is

23H21 r
~0!

16H~ ċ21Hf2!1~11w! r
~0!

~3c22f21c2!

52rBR, ~24a!

22Ḣ23H22w r
~0!

12@c̈21H~3ċ21ḟ2!

23H2wf2#2w~11w! r
~0!

~3c22f21c2!5pBR,

~24b!

where

rBR[^ G
~2!

0
0~ g

~1!

!&13^c r
~1!

&1
w

2~11w!

^ r
~1!

2&

r
~0!

, ~25a!

pBR[2
1

3
^ G

~2!
i
i~ g

~1!

!&13w^c r
~1!

&1
w2

2~11w!

^ r
~1!

2&

r
~0!

.

~25b!

By introducing a new time variabledt[(11f2)dt, the Ein-
stein equations~24a! and ~24b! become

23H216Hċ21 r
~0!

@11~11w!~3c22f21c2!#52rBR,

~26a!

22Ḣ23H212~ c̈213Hċ2!

2w r
~0!

@11~11w!~3c22f21c2!#5pBR, ~26b!

where "5d/dt.
The spatially averaged line element up to the second o

perturbation is

^ds2&52dt21a2~t!@122 c2~t!12c2~t0!#dx2,

a~t!5Ct2/3(11w), ~27!

wheret0 is a time at which the initial condition is set, and
is always possible to write the zero mode metric as Eq.~27!
by choosing a constant of integrationc2 contained inr (2) as
c2523 c2(t0). From this form of the line element, we ca
observe that the effective scale factor for the FRW unive
is

aeff~t!5t2/3(11w)C@12c2~t!1c2~t0!#. ~28!

We regard the second order perturbationc2 as a secular term
and apply the renormalization group method@12–15# to ab-
sorb it to the zeroth order constant of integrationC. We re-
define the zeroth order integration constantC as

C5C~m!1dC~m;t0!,
10401
p
e

er

e

wherem is a renormalization point anddC is a counterterm
which absorbs the secular divergence of the solution.
assume thatdC is the second order quantity. The effectiv
scale factor~28! up to the second order of the perturbatio
can be written

aeff~t!5t2/3(11w)
„C~m!1dC~m;t0!…„12c2~t!1c2~m!

2c2~m!1c2~t0!…

5t2/3(11w)C~m!„12c2~t!1c2~m!…,

where we have chosen the countertermdC so as to absorb
the @c2(m)2c2(t0)#-dependent term:

dC~m;t0!1C~m!„2c2~m!1c2~t0!…50. ~29!

This defines the renormalization transformation

Rm2t0
:C~t0!°C~m!5C~t0!2C~m!@c2~m!2c2~t0!#,

~30!

and this transformation forms the Lie group. The renorm
ization group equation is obtained by differentiating bo
sides of the transformation with respect tom and settingt0
5m,

dC~m!

dm
52C~m!

dc2~m!

dm
, ~31!

and its solution is

C~m!5C~t0!e2c2(m)1c2(t0). ~32!

By equatingm5t in the effective scale factor, the renorma
ized scale factor is given by

aR~t!5t2/3(11w)C~t!5a~t!e2c2(t)1c2(t0). ~33!

By substituting the relationa(t)5aR(t)ec2(t)2c2(t0) into
Eqs. ~26a! and ~26b!, and keeping terms up to the secon
order of the perturbation, we obtain the following equatio
for the renormalized scale factoraR :

23H21r052rBR, ~34a!

22Ḣ23H22wr05pBR, ~34b!

whereH5ȧR /aR and

r0[@12~11w!f2#
c0

~aR!3(11w)
5

c0

@~11f2!aR
3 #11w

.

Equations~34a! and ~34b! are the main result of this pape
The second order curvature variablec2 disappears in the
evolution equation by the procedure of the renormalizati
The second order lapse functionf2 remains in the expres
sion r0, but this variable corresponds to the second or
gauge freedom to parametrize time and we can freely cho
the form of this function. Equations~34a! and~34b! have the
same form as the standard FRW equations. On the right-h
3-4
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side, the back reaction effect appears as source termsrBR
andpBR, and their explicit form is determined by solving th
first order perturbation.

IV. SOLUTIONS OF THE EFFECTIVE EINSTEIN
EQUATION

In this section, we solve the effective Einstein equatio
~34a! and ~34b!, and investigate how the inhomogeneity a
fects the expansion of the Universe. By eliminating the va
abler0, we have

22Ḣ23~11w!H25wrBR1pBR. ~35!

For wÞ21, by using a new variablex[(aR)(3/2)(11w),

ẍ52
3

4
~11w!~wrBR1pBR!x. ~36!

We solve this equation for various values ofw.

A. Vacuum energy casewÄÀ1

The universe expands exponentiallya}eHt,H5const,
and we must treat this case separately. In this case, the
turbation of energy density is zero and the effective E
stein’s equation becomes

23H21r052rBR52^ G
~2!

0
0~ g

~1!

!&,

22Ḣ23H21r05pBR52
1

3
^ G

~2!
i
i~ g

~1!

!&,

r05const. ~37!

For long wavelength perturbationk!aH, the first order
growing mode solution is given by

c'(
k

Cke
i k•x, f'0, Ė'2

1

Ha2 (
k

Cke
i k•x,

where Ck is a constant in time. The source terms of t
effective Einstein’s equation are

rBR'
2

aR
2 (

k
k2uCku2,

pBR'2
2

3aR
2 (

k
k2uCku252

1

3
rBR.

This is equivalent to a negative spatial curvature term.
the slow roll inflationary phase driven by a scalar field,
was shown that the back reaction effect by the long wa
length perturbation is equivalent to positive spatial curvat
@11#. For the vacuum energy case, fluctuation of the ene
density becomes identically zero and this leads to a diffe
back reaction effect compared to the inflation with a sca
field.
10401
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For short wavelength modek@aH, the first order curva-
ture perturbation is given by

c'(
k

Ck

ka
coshS k

aHDeik•x

and

rBR'
7

2 (
k

uCku2

aR
4

, pBR'
7

6 (
k

uCku2

aR
4

.

The back reaction effect is equivalent to a radiation fluid a
this result is the same as the inflation with a scalar field.

B. Dust casewÄ0

The exact solution of the first order growing mode is

c5(
k

Cke
i k•x, f50, Ė52

3

5
t21/3(

k
Cke

i k•x,

r
~1!

52
6

5 (
k

k2

a2
Cke

i k•x, ~38!

where Ck is a constant in time. Using this solution, th
source terms of the effective Einstein equation are

rBR52
13

25 (
k

k2uCku2

aR
2

,

pBR5
13

3325 (
k

k2uCku2

aR
2

52
1

3
rBR. ~39!

This is the same equation of state as a positive spatial
vature term. Equation~36! becomes

ẍ52
3A

4
x21/3, A5

13

3325 (
k

k2uCku2, ~40!

and the solution is

aR5
4E

9A
~12cosh!, t5

4E

9A3/2
~h2sinh!, ~41!

whereE is a constant of integration. This solution is the sam
as a closed FRW universe with dust. Therefore, the inhom
geneity works as a positive spatial curvature in the d
dominated universe@4,10# and the Universe will recollapse

C. wÅ0 case

For long wavelength perturbationsk!a H, using the long
wavelength expansion, the first order solution up toO(k2) is
given by
3-5
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c'(
k

Cke
i k•x, f'0,

Ė'2
3~11w!

3w15
t (3w21)/3(11w)(

k
Cke

i k•x, ~42!

r
~1!

'2
6~11w!

3w15 (
k

k2

a2
Cke

i k•x,

and

rBR'2
9w2130w113

~3w15!2 (
k

k2

aR
2

uCku2,

pBR'2
162w31423w21276w213

3~3w15!2
~43!

3(
k

k2

aR
2

uCku2.

The effective Einstein equation~36! becomes

ẍ5
3

4
~11w!~wA2B!x(3w21)/3(w11), ~44!

where

A52
9w2130w113

~3w15!2 (
k

k2uCku2,

B52
162w31423w21240w213

3~3w15!2

3(
k

k2uCku2. ~45!

By integrating the equation with respect tot, we obtain

ẋ2

2
1Veff~x!5E,

Veff52
3

8

~w11!2~135w31333w21201w213!

~3w11!~3w15!2

3(
k

k2uCku2x2(3w11)/3(w11), ~46!

whereE is a constant of integration. If there is no inhom
geneity, Veff50 and the solution of the effective Einste
equation reduces to that of the background FRW solut
The condition E.0 is necessary to reproduce the bac
ground solution when the inhomogeneity vanishes. We
10401
n.
-
n

obtain qualitative behavior of the effective scale factor
observing the shape of the effective potentialVeff (x) ~Fig.
1!. We can summarize the back reaction effect of the lo
wavelength perturbation on the expansion of the Universe
follows:

21,w,21/3: the expansion of the Universe is accele
ating. The inhomogeneity reduces the expansion rate.

w521/3: Veff} ln x. The expansion of the Universe i
decelerating. The inhomogeneity reduces the expansion
and the Universe will recollapse due to the back react
effect.

21/3,w,w* : w* is a real root of the equation 135w3

1333w21201w21350 and w* '0.06. The expansion o
the Universe is decelerating. The inhomogeneity reduces
expansion rate and the Universe will recollapse.

w5w* : Veff50 and there is no back reaction.
w* ,w,1: the expansion of the Universe is deceleratin

The inhomogeneity increases the expansion rate.
For short wavelength perturbationsk@a H, a WKB type

solution for the curvature perturbationc is given by

c'5 (
k

Ck

kAw a
cosS kAwE dt

a Dei k•x for w.0,

(
k

Ck

kA2w a
coshS kA2wE dt

a Dei k•x for w,0,

~47!

and using this solution, we have

rBR'sgn~w!
529w

4w (
k

uCku2

aR
4

,

pBR'sgn~w!
529w

12w (
k

uCku2

aR
4

. ~48!

The equation of state for the back reaction term become

pBR'
1

3
rBR ~49!

FIG. 1. Effective potentials for the long wavelength perturb
tions. ~a! is for 21,w,21/3, ~b! is for 21/3,w,w* and~c! is
for w* ,w,1. For 21,w,w* , inhomogeneity reduces the ex
pansion rate of the Universe. Forw* ,w,1, inhomogeneity en-
hances the expansion of the Universe. Forw5w* , there is no back
reaction effect.
3-6
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which is independent of the valuew. For w,5/9, rBR is
positive and this is equivalent to a radiation fluid. The effe
tive Einstein equation becomes

ẋ2

2
1Veff~x!5E,

Veff52sgn~w!
3

32

~w11!2~529w!

w

3(
k

uCku2x2(3w21)/3(w11), E.0. ~50!

The back reaction effect of the short wavelength pert
bation on the expansion of the Universe is summarized
follows ~Fig. 2!:

21,w,1/3: The inhomogeneity reduces the expans
rate.

w51/3: Veff50. The equation of state of the back rea
tion term is the same as the background matter field and
have no back reaction from inhomogeneity.

1/3,w,5/9: The inhomogeneity increases the expans
rate.

w55/9: Veff50. There is no back reaction.
5/9,w,1: The inhomogeneity reduces the expans

rate and the Universe will recollapse.

FIG. 2. Effective potentials for the short wavelength perturb
tions. ~a! is for 21,w,1/3, ~b! is for 1/3,w,5/9 and~c! is for
5/9,w,1. For 21,w,1/3,5/9,w,1, inhomogeneity reduce
the expansion rate of the Universe. For 1/3,w,5/9, inhomogene-
ity enhances the expansion of the Universe. Forw51/3,5/9, there is
no back reaction effect.
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V. SUMMARY AND DISCUSSION

In this paper, we applied the renormalization gro
method to the perturbed Einstein equation and derived
evolution equation for the renormalized scale factor. T
renormalized scale factor includes the back reaction ef
caused by the inhomogeneity of the first order perturbati
The resulting equation has the same form as the stan
FRW equation with the back reaction effect appearing as
effective energy density and pressure on the right-hand
of the equation. For the long wavelength perturbation,
equation of state of the back reaction terms depends on
valuew. We havepBR52rBR/3,rBR.0 for w521 and this
is equivalent to a negative spatial curvature. Forw50, we
havepBR52rBR/3,rBR,0 and this is equivalent to a pos
tive spatial curvature. On the other hand, for the short wa
length perturbation, the equation of state of the back reac
term becomes independent ofw and pBR'rBR/3. For w
,5/9, rBR.0 and the equation of state is the same a
radiation fluid.

We derived the effective FRW equations~34a! and ~34b!
without using the explicit form of the background solutio
and the perturbation solution. Usually, the renormalizat
group method is utilized to obtain the globally valid approx
mated solution of the differential equation and we must p
pare a naive perturbative solution of the original equat
before applying the procedure of renormalization. In this p
per, we could obtain the evolution equation for the renorm
ized scale factor without solving the perturbation equatio
Once the effective FRW equation is obtained, it is possible
investigate the evolution of the effective scale factor and
back reaction effect by numerical method. Hence this
proach is useful for the cosmological model with the sca
field in which case obtaining the solution of the perturbati
is not easy in general.
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