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Back reaction and the effective Einstein equation for the universe
with ideal fluid cosmological perturbations
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We investigate the back reaction of cosmological perturbations on the evolution of the Universe using the
renormalization group method. Starting from the second order perturbed Einstein equation, we renormalize a
scale factor of the Universe and derive the evolution equation for the effective scale factor which includes back
reaction due to inhomogeneities of the Universe. The resulting equation has the same form as the standard
Friedmann-Robertson-Walker equation with the effective energy density and pressure which represent the back
reaction effect.
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. INTRODUCTION (2)
(9an)#0. @

Owing to the nonlinear nature of Einstein’s equation, fluc- ,
tuations of the metric affect the evolution of the background®S the zero mode part of the metric has the same symmetry

space-time. In cosmology, this effect is expected to be im@S the background FR_’W universe, it must be interpreted as a

portant when we consider the evolution of large scale nonP&'t of the FRW .metrlc. Hence we redefine the background

linear structures and the evolution of the early Universe. Thignetric as follows:

is the cosmological back reaction problem and has been stud- ® (0 2

ied by several authorfsl—11]. = .+ _ )
One of the main difficulties in the cosmological back re- 9av= Gavt(QGan)

action problem is connected with the gauge freedom of perye ysed the renormalization group method to define the new
turbation variables. The back reaction effect appears from thBackground metric(a)ab which includes the back reaction ef-

second order quantities in a perturbation expansion and w; . . .
must use the second order gauge invariant quantities to avolg " In previous pape(rl[)SLO,lj], we first solved perturbation

()
the gauge ambiguity of the back reaction problem. Abramcequations and obtainegl,, andgap. Then the renormalized
and co-workerg6—9] derived the gauge-invariant effective effective scale factor with the back reaction effect was ob-
energy momentum tensor of cosmological perturbations anthined.
applied their formalism to the inflationary universe. They But it is more convenient to obtain the renormalized Ein-
discussed the effect of the inhomogeneity on the backgrounstein equation for the zero mode variables from the first to
Friedmann-Robertson-WalkéFRW) universe, but did not investigate the back reaction effect. This is equivalent to av-
derive solutions of an effective scale factor for the FRWeraging Einstein equation and deriving the evolution equa-
universe with the back reaction. tion for the effective FRW universe with the back reaction
In our previous paperfsl0,11], the renormalization group effect. In this paper, we apply the renormalization group
method[12—15 was applied to the cosmological back reac-method directly to the perturbed Einstein equation. We do
tion problem. We start from the following perturbation ex- not use an explicit form of the first and the second order
pansion of the metric: solutions of perturbations. All that we need is how constants
of integration enter in the solution of perturbations.
@ W@ The plan of this paper is as follows. In Sec. I, we intro-
Gab= Jabt Gapt Gapt -, 1) . .
ab™ Sab® YabT Jab duce the gauge ready formalism of cosmological perturba-
Where(a)ab is the background FRW metric and represents éions_and der_ive the second order Einstein equ_atio_n for gauge
invariant variables. In Sec. lll, the renormalization group
b method is applied to the zero mode part of the Einstein equa-
first order linear perturbation withg,p)=0 where(---)  tion and the evolution equation for the renormalized scale

ctor is derived. In Sec. IV, we investigate the solution of

means the spatial average with respect to the backgrour{ ; ) . .
@ _ i e back reaction equation. Section V is devoted to summary
FRW metric. g5, is the second order metric and this part ;.4 discussion. We use units in which=%4=87G=1

contains nonlinear effects caused by the first order lineathroughout the paper.
perturbation. This nonlinearity produces homogeneous and
isotropic zero modes as part of the second order metric. That

. . w .
homogeneous and isotropic spagg,, is the metric of the

II. THE SECOND ORDER PERTURBATION FOR THE

1S, UNIVERSE WITH IDEAL FLUID
To circumvent the gauge ambiguity of cosmological per-
*Electronic address: nambu@allegro.phys.nagoya-u.ac.jp turbations and to obtain a gauge independent interpretation
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of the cosmological back reaction problem, we must use a X' =x+&. (10)
gauge invariant description of cosmological perturbations

[16,17]. Abramo and co-workers obtained the gauge invari-From these transformations, we can make the following
ant effective energy-momentum tensor for cosmological pergauge invariant combination of perturbation variables:
turbations[6—9] which is quadratic with respect to the first . _

order variables. To apply the renormalization group method b=¢+[a(B—aE)], W¥=y—aH(B—aE),

to the back reaction problem, we must obtain the second

order zero mode perturbation in a gauge invariant manner X=y—a(B—aE), R=y¢—Hy. (12)
[10,11. In this section, we introduce the gauge ready formal-

ism [18] and derive the evolution equation for the secondnow the vector

order zero mode perturbation which is invariant under the

first order gauge transformation. gi=(—x,8"E}) (12)

A. The gauge ready form of cosmological perturbations transforms as a four vector under the coordinate transforma-
tion. The gauge transformation induced by the coordinate

We consider a spatially flat FRW universe with perfeCttransformation using the vectét?) is

fluid of which an equation of state is given py=w p, where
w is assumed to be constant. The background scale factor of

: . . X
the Universe and the energy density are given by ¢'=¢p+x=d+X, B'=B—aE- §= T
2/3(1+ © Co
a(t)=C 230w, P= iw (4) E'=E-E=0, ¢'=¢—Hx=R, (13)
whereC andc, are constants of integration. The energy den- X' =x=x=0.
. O .
sity of the fluid p is obtained from the zeroth order of the Hence in this gauge, each component of the metric corre-
following mass conservation equation sponds to the gauge invariant variables and a comoving
gauge conditiony=0 is satisfied. The choice of the vector
(pH—gu?) =0, (5 (12 is not unique. The vector
Where_ u? is the four velocity of the quid._We restrict our _ g,zLL:(_a(B_aE),5ijE ) (14)
attention only to the scalar type perturbation and the metric '
of the first order perturbation can be written as also transforms as a four vector and the gauge transformation
1) —24 a(h)B, o using this vector is
9 an™ . .
®lamB; a®()[(1-2¢) 5+ 2E ;] ¢'=¢+[a(B—aE)'=d, B'=0, E'=0, (15

Let us consider the infinitesimal coordinate transformation . .
Y'=y—aH(B-aE)=V¥, x'=yx—a(B—aE)=X.
1 (16)
x0=x0+£, x'=x+—08¢;. ) . y
a This gauge corresponds to the longitudinal gauge and com-
ponents of the metric coincide with gauge invariant variables
Under this transformation, the perturbation variables receiv@ andWV. This gauge is often used to investigate Cosm0|ogi_

the following gauge transformations: cal perturbationg17], and Abramo and co-workef$—9]
C o also used this gauge to evaluate the gauge invariant energy
b'=¢p—, B'=B-a £ n [ momentum tensor of cosmological perturbations. But for the
' a2 a’ purpose of the back reaction problem, this gauge is not suit-
able because the contribution of the long wavelength limit
£ mode of the perturbations to the effective energy momentum
' =yp+HE, E'=E- - (8)  tensor does not vanish automaticallyl]. The perturbation
a of which wavelength is infinite cannot be distinguished from

) ) ) the background and has nothing to do with the back reaction
The comoving three velocity;=v ; of the fluid transforms  gffect. But in the longitudinal gauge, we have the contribu-
as tion of the long wavelength limit perturbation to the second
. order quantities. We must subtract this to obtain the correct
) 9) back reaction effect. On the other hand, in comoving gauge,
' the second order perturbation becomes zero in the long
wavelength limit. In this paper, therefore, we adopt the gauge
and the velocity potential defined by=v +aB transforms ready form in the comoving gauge to investigate the back
as reaction problem.

v'=v+a? 5
a
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To simplify the calculation, we chood=0 and the met- We can obtain the following evolution equation for the spa-
ric up to the second order in the gauds) is given by tial curvature perturbatiop:

ds?=—(1+2¢+2¢,)dt?—2a%E ;dxdt+a?(t)(1— 24

= 24r)dX. 17 yr+3H Y~ %vzl/,:o. (19)

As each component of the first order metric perturbation cor-
responds to the gauge invariant variable in this gauge, the
second order zero mode variabl¢s and ¢, determined by
the first order quantities are also invariant under the first
order gauge transformation up to the second order.

B. The evolution equations for the second order zero mode
perturbation

Using the metriq17) with the comoving conditiory=0, The second order Einstein equations for the zero mode
the first order Einstein equations are variables¢, and ¢, are
1_, ) 1@ , @ @ @
2V WTHVE=5p, (183 6H (2t Hpy)=—(G%(g))—p, (209
y+HP=0, (18b) . S
2[ Yy + H(34ry+ ) — 3H?Weh,]
) ) w(b
VH3HYTHOmSWH =5, (189 =—3(Gl(g)+wop, (200
.. . 1
E+3HE+ — (¢~ ¢)=0. (180)
a where

(2) (1)
<Goo(g)>=<—3i,/,2+12H¢f¢—32lpvzw—eH¢V2E—3H2a2EV2E—2H¢(—V2E+6ip)—12H2¢2>, (21)
a

2 5 . . . . 2.
(G'i(g )>=< AR ¢2+4w<¢+3Hw)—2V2E(3H¢+ 3¥

— 2¢V2E—2a’HEV?E - (2H

2. . o1 1. : .
+5H2)a2EV2E+§EV2¢—2¢¢/J—4¢(<//+3H¢—FV2¢—§(V2E+2HV2E)+2H¢
a

2 2 2 2 ) i
_Q‘W ¢—4pA(3H?+2H) ) &' . (22)

Equation(209 is a time-time component and EODb) is a 2 © o <(1)2>
space-space component of the spatially averaged Einstein "~ _ n b+ + w P
equation(G?,)=(T?,). The spatial average is defined by p=(1+wW) p (34— $2) + 3¢ p) 2(1+w) (0
p
(0)
1 +Ca(1+w)p, (23
M=y f d*x A,

wherec, is a constant.

whereV is the volume of a sufficiently Iarge compact domain IIl. THE RENORMALIZATION AND THE EFFECTIVE
and periodic boundary conditions for perturbations are as- EINSTEIN EQUATION

@) . .
sumed. The second order energy denpitis determined by In this section, we derive the effective Einstein equation

the mass conservatig®) and given by which describes the evolution of the effective FRW universe
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with the back reaction effect using the renormalization groupvhere i is a renormalization point andC is a counterterm
method. The spatially averaged Einstein equation up to theshich absorbs the secular divergence of the solution. We

second order is

(0) , 0)
—3H%+ p +6H (Yt Hep) +(1+W) p (33— py+Cy)
=~ PBR: (248
. (0) . ) .
—2H—=3H?—w p +2[ ¢+ H(B¢hp+ )
(0)
—3H W¢,] —W(1+W) p (3¢ry— o+ Cy) = Per,
(24b)
where
1
2 (1 1) W (p?
PBRE<Goo(9)>+3<¢P>+m o (259
p
(1)
1@ @ (1) w2 (p?)
IOBRE—g(G'i(9)>+3W<¢P>+MT-
P (25p)

By introducing a new time variablér=(1+ ¢,)dt, the Ein-
stein equation$24g and(24b) become

. (0)
—3HZ+6Hyp+ p[1+(1+W) (3¢~ 2+ C2) 1=~ per,

(26a
—2H—3H2+2(ih,+ 3H )

(0)

~Wp[1+(1+W) (3¢~ ot Cr)]=pgr, (26D

where ‘'=d/dr.

assume thabC is the second order quantity. The effective
scale facton28) up to the second order of the perturbation
can be written

er(7) = TRIT(C (1) + SC(1; 70)) (L= ho(7) + tha 1)
— () + a(70))
= r2BEWC( ) (1= o 7) + o 1)),

where we have chosen the countertef@ so as to absorb
the[ ¢o(u) — ¥,( 7o) ]-dependent term:

OC(w;70) + C() (— tha( ) + thp(79))=0.
This defines the renormalization transformation

Ry— 7y C(70)=>C () = C(70) = Cw)[ 2 1) = Y2 70) ],
(30

(29

and this transformation forms the Lie group. The renormal-
ization group equation is obtained by differentiating both
sides of the transformation with respectgoand settingr

=u,

dC(u) difo( )
and its solution is
C(p)=C(1y)e Yol *+valro), (32

By equatingu= 7 in the effective scale factor, the renormal-
ized scale factor is given by
ag(7)=7PMC(r)=a(r)e VD VA0 (33

By substituting the relatiora(7)=ag(7)e?2("~ %270 into

The spatially averaged line element up to the second orddzgs. (268 and (26b), and keeping terms up to the second

perturbation is
(ds”)=—d7*+a*(7)[ 1= 2 (1) +2¢(70) ]dX,

a( T) =C 7_2/3(1-¢—W),

(27)

whererg is a time at which the initial condition is set, and it

is always possible to write the zero mode metric as (Ed)
by choosing a constant of integratiop contained inp(2) as

C,= — 3 (o). From this form of the line element, we can
observe that the effective scale factor for the FRW universe po=[1—(1+W)¢,]|

IS

8erl(7) =7 PIC[ L= Y1) + Yo 70)].  (28)
We regard the second order perturbatipnas a secular term
and apply the renormalization group metHd@-15 to ab-
sorb it to the zeroth order constant of integrat@nWe re-
define the zeroth order integration const@nas

C=C(u)+8C(u;70),

order of the perturbation, we obtain the following equations

for the renormalized scale facteg:
—3H?+ po=—pgr, (343

—2H—3H?-Wpo=Pexr, (34b)

whereH=ag/ag and

Co . Co
(aR) W [(1+¢)ag]t"

Equations(343 and (34b) are the main result of this paper.
The second order curvature variable disappears in the
evolution equation by the procedure of the renormalization.
The second order lapse functi@h, remains in the expres-
sion pg, but this variable corresponds to the second order
gauge freedom to parametrize time and we can freely choose
the form of this function. Equation84a and(34h) have the
same form as the standard FRW equations. On the right-hand
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side, the back reaction effect appears as source tpggs For short wavelength mode>aH, the first order curva-
andpgg, and their explicit form is determined by solving the ture perturbation is given by
first order perturbation.

=~ %cos — |elkx
IV. SOLUTIONS OF THE EFFECTIVE EINSTEIN < ka aH
EQUATION
In this section, we solve the effective Einstein equationsand

(349 and (34b), and investigate how the inhomogeneity af-

fects the expansion of the Universe. By eliminating the vari- 7 5 |Cy/? 7 > |Cyl?
ablepg, we have PBR™ 5 < ad ' Per™~ g < a

_oH— 2 . . . _ .
2H=3(1+wW)H"=wpgr+ Par- (39 The back reaction effect is equivalent to a radiation fluid and
11w) this result is the same as the inflation with a scalar field.

Forw=# —1, by using a new variable= (ag) (¥

B. Dust casew=0

. 3
=——(1+ + Per)X.
X= = 7 (1+w)(Wpgrt Per)X (36 The exact solution of the first order growing mode is

We solve this equation for various valuesvaf ) ) 3 ,

lﬂ: z Ckel k-X, ¢:0’ E=-— 57—1/32 Ckel k-x'
K K

A. Vacuum energy casev=—1

The universe expands exponentialyy~e™!,H=const, 1) 6
and we must treat this case separately. In this case, the per- , = — — >
turbation of energy density is zero and the effective Ein- S %
stein’s equation becomes

k>
—Ce' kX, (39

a

where Cy is a constant in time. Using this solution, the

@, W source terms of the effective Einstein equation are

—3H?+po=—per=—(G%(9)),

~2H—3H+ py= pa=— (G 9) s S KIGE
0= Per 3\ Vi , 259¢ a2
po=const. (37
13 k?|Cy|? 1
For long wavelength perturbatidn<aH, the first order pBR:3X25 Y al =~ 3PBR: (39

growing mode solution is given by

This is the same equation of state as a positive spatial cur-

lﬂ*E ce kx ¢=~0 E~— i E Ce kx vature term. Equatioli36) becomes
k L L Haz k 1
. 3A
where C, is a constant in time. The source terms of the XZ—TX’”S, A= 3X252k k2|Cy2, (40)

effective Einstein’s equation are

2 and the solution is
PBR™ —5 2k K?|Cyl?,

) _2E 1 t= E [ 41
. ar=gp(l—cosp), t= 9A3,2(77 siny),  (41)
Per~— 2|Ck|2:_§PBR- ) . ] . o
3ag k whereE is a constant of integration. This solution is the same

o ) ) ] as a closed FRW universe with dust. Therefore, the inhomo-
This is equivalent to a negative spatial curvature term. Fobeneity works as a positive spatial curvature in the dust

the slow roll inflationary phase_ driven by a scalar field, it yominated universp4,10] and the Universe will recollapse.
was shown that the back reaction effect by the long wave-

length perturbation is equivalent to positive spatial curvature
[11]. For the vacuum energy case, fluctuation of the energy
density becomes identically zero and this leads to a different For long wavelength perturbatioks<a H, using the long
back reaction effect compared to the inflation with a scalawavelength expansion, the first order solution u®id?) is

field. given by

C. w#0 case

104013-5



YASUSADA NAMBU

p=>, Ce' kX ¢=~0,
k
3(1+w) _
T (Bw—1)/3(1+w) i k-x
3wig " 2 G, (42)

and

ow?+ 30w+ 13 k2

~N—— —C
PBR (3w+5)2 Ek: |k|

16203+ 42302+ 276n— 13

-~ 4
Per 3(3w+5)2 “3

k2
x> —5ICl%
K ag

The effective Einstein equatiot36) becomes

3
= 7(1+w)(wA- B)xw- D)W1) (44)
where
ow?+ 30w+ 13
A=—————— > KCy%
(3w+5)2 &
- 1620W3+ 42302+ 240m— 13
3(3w+5)?
X > K?Cyl2. (45)
k

By integrating the equation with respect tpwe obtain

2
E"'Veﬁ(x):
y_ 3 (w+1)’(1358°+ 33307+ 20— 13
8 (3W+1)(3w+5)?

XZk k2|Ck|2X2(3W+1)/3(W+1), (46)

whereE is a constant of integration. If there is no inhomo-
V=0 and the solution of the effective Einstein

geneity,

PHYSICAL REVIEW D 65 104013

Vett

FIG. 1. Effective potentials for the long wavelength perturba-
tions. (a) is for —1<w<—1/3, (b) is for —1/3<w<w, and(c) is
for w, <w<1. For —1<w<w, , inhomogeneity reduces the ex-
pansion rate of the Universe. Far, <w<1, inhomogeneity en-
hances the expansion of the Universe. Werw, , there is no back
reaction effect.

obtain qualitative behavior of the effective scale factor by

observing the shape of the effective potentiak(x) (Fig.

1). We can summarize the back reaction effect of the long
wavelength perturbation on the expansion of the Universe as
follows:

—1<w< —1/3: the expansion of the Universe is acceler-
ating. The inhomogeneity reduces the expansion rate.

w=—1/3: Vgsx InXx. The expansion of the Universe is
decelerating. The inhomogeneity reduces the expansion rate
and the Universe will recollapse due to the back reaction
effect.

—1/3<w<w, : w, is a real root of the equation 188
+333w?+201w—13=0 andw, ~0.06. The expansion of
the Universe is decelerating. The inhomogeneity reduces the
expansion rate and the Universe will recollapse.

w=w, : V=0 and there is no back reaction.

w, <w<1:the expansion of the Universe is decelerating.
The inhomogeneity increases the expansion rate.

For short wavelength perturbatioks-a H, a WKB type
solution for the curvature perturbatiofis given by

;kf

cos(k\/—J )"‘X for w>0,

lﬁ%
———cosh k f )'k" for w<o,
3 e
(47)
and using this solution, we have
5-9w « |Cy/?
PBR~SGNW) aw EK o
5—-9w « |C?
(48)

Per~SgN(W) 12w Zk at
R

The equation of state for the back reaction term becomes

equation reduces to that of the background FRW solution.

The conditionE>0 is necessary to reproduce the back-
ground solution when the inhomogeneity vanishes. We can

1
PR~ 3 PER (49)
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Vet Vit V. SUMMARY AND DISCUSSION

Veff
s In this paper, we applied the renormalization group
- = method to the perturbed Einstein equation and derived the
> & x evolution equation for the renormalized scale factor. The
’ renormalized scale factor includes the back reaction effect
caused by the inhomogeneity of the first order perturbation.
(@ (b) ©

The resulting equation has the same form as the standard

FIG. 2. Effective potentials for the short wavelength perturba—I:],?\Nt.equatlon W:;h th?{ baclé reaction effectthapperz]atr-lkr:g ?js t_f(]je
tions. (a) is for —1<w<1/3, (b) is for 1/3<w<5/9 and(c) is for etiective ene_rgy ensity and pressure on the rig _an side
5/9<w<1. For —1<w<1/3,5/9<w<1, inhomogeneity reduces of the_ equation. For the long wavglength perturbation, the
the expansion rate of the Universe. For/8<5/9, inhomogene- €guation of state of the back reaction terms depends on the
ity enhances the expansion of the Universe.\wer1/3,5/9, there is valuew. We havepgr= — pgr/3,pgr>0 for w=—1 and this
no back reaction effect. is equivalent to a negative spatial curvature. et 0, we

havepgr= — per/3.,,5r<0 and this is equivalent to a posi-
which is independent of the value. For w<5/9, pgr is tive spatial curvature. On the other hand, for the short wave-
positive and this is equivalent to a radiation fluid. The effec-length perturbation, the equation of state of the back reaction
tive Einstein equation becomes term becomes independent of and pgr~pgr/3. FOr w
<5/9, pgr>0 and the equation of state is the same as a
2 radiation fluid.
=+ Veu(x)=E, We derived the effective FRW equatiof@4a and (34b)
2 without using the explicit form of the background solution
and the perturbation solution. Usually, the renormalization
3 (W+1)%(5—9w) group meth(_)d is utilized_ to obtain the g!obally valid approxi-
V= —sgr(w)3—2— mated solution of the differential equation and we must pre-
pare a naive perturbative solution of the original equation
before applying the procedure of renormalization. In this pa-
XD |C2x2Ew-DBW+D - E>0. (500  per, we could obtain the evolution equation for the renormal-
k. ized scale factor without solving the perturbation equations.

The back reaction effect of the short wavelength perturppce the effective FRW equation is obtained, it is possible to
bation on the expansion of the Universe is summarized agyestigate the evolution of the effective scale factor and the
follows (Fig. 2): , . ~ back reaction effect by numerical method. Hence this ap-

—1<w<1/3: The inhomogeneity reduces the expansion oach is useful for the cosmological model with the scalar

rate. _ field in which case obtaining the solution of the perturbation
w=1/3: V¢s=0. The equation of state of the back reac-is not easy in general.

tion term is the same as the background matter field and we
have no back reaction from inhomogeneity.
1/3<w<5/9: The inhomogeneity increases the expansion

w
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